Charge Densities for Conducting Ellipsoids by Curtright, T L et al.
ar
X
iv
:1
91
1.
03
60
2v
2 
 [p
hy
sic
s.c
las
s-p
h]
  2
5 N
ov
 20
19
Charge Densities for Conducting Ellipsoids
T L Curtright1, Z Cao, S Huang, J S Sarmiento,
S Subedi, D A Tarrence, and T R Thapaliya
Department of Physics, University of Miami, Coral Gables, FL 33124-8046, USA
November 26, 2019
Abstract
The volume charge density for a conducting ellipsoid is expressed in simple geometrical terms, and
then used to obtain the known surface charge density as well as the uniform charge per length along
any principal axis. Corresponding results are presented for conducting hyperellipsoids in any number of
spatial dimensions.
1 Introduction
The electrostatics of charged conducting ellipsoids embedded in three dimensions were first understood in
the early part of the nineteenth century [1, 2]. The surface charge densities as well as the potentials and
electric fields surrounding such objects have elegant geometrical properties, as discussed extensively in the
literature [3, 4, 5, 6, 7, 8]. In particular, the equipotentials are confocal ellipsoids surrounding the charged
surface, with the electric field everywhere normal to those ellipsoids. More specifically, the electric field
at any observation point outside a charged conducting ellipsoid of revolution, either prolate or oblate, is
always directed along the bisector of a pair of straight lines drawn from either of two focal points of the
ellipsoid to the observation point. Moreover, for any conducting ellipsoid in three spatial dimensions, the
charge per length is always constant when projected along any of the three principal axes, a feature that
is perhaps the one elementary property that is easiest to keep in mind. However, in any other number of
spatial dimensions, this last statement must be modified, as discussed recently in [9].
In any case, it may not be so well-known that the surface and linear charge densities for conducting
ellipsoids follow easily from elementary volume charge densities that are simply expressed in geometrical
terms using Dirac deltas. The purpose of this article is to present the volume charge densities and obtain
from these the known surface and linear densities, in any number of spatial dimensions. For completeness,
we also discuss the potentials and electric fields surrounding conducting ellipsoids, thereby confirming the
surface charge density through the use of Gauss’ law. Finally, an Appendix discusses the geometry of
hyperellipsoids from both intrinsic and extrinsic points of view.
2 Charge densities for ellipsoids in three dimensions
Let us begin with the charge distribution on an ideal, static, conducting ellipsoidal surface embedded in
three spatial dimensions. The charged surface is specified by
x2
a2
+
y2
b2
+
z2
c2
= 1 , (1)
where we have expressed the constraint that defines the ellipsoid in the most convenient Cartesian frame.
If this surface is an ideal conductor, i.e. an equipotential surface, carrying a total static charge Q, then that
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charge is distributed according to a volume charge density given simply by1
ρ (−→r ) = Q
4piabc
δ
(√
x2
a2
+
y2
b2
+
z2
c2
− 1
)
. (2)
The Dirac delta δ
(√
x2
a2 +
y2
b2 +
z2
c2 − 1
)
restricts all the charge to lie on the surface, albeit not uniformly
if any two of a, b, c are unequal, and is an obvious property of ρ for this system. On the other hand, it is
remarkable and perhaps surprising that the coefficient of this δ is a constant. Of course, when a = b = c
the expression (2) reduces to the well-known ρ for a uniformly charged, hollow spherical shell of radius a.
Nevertheless, although this form for ρ (−→r ) is remarkably simple even when a, b, and c are all different,
we are not aware of any previous literature that gives the explicit result (2). For a complete justification
of (2), we next compute from ρ (−→r ) the corresponding surface charge density σ (−→r ) on the general triaxial
ellipsoid defined by (1).
Our point is just that, for a volume density on a surface defined by F (−→r ) = 0, of the form
ρ (−→r ) = f (−→r ) δ (F (−→r )) , (3)
the restriction of the function f (−→r ) to the surface is uniquely determined by the surface charge density
σ (−→r ), and vice versa. It is only necessary to integrate ρ (−→r ) along a line normal to the charged surface to
obtain σ (−→r ), and thereby determine f (−→r ). It follows from a straightforward calculation that the relation
between f and σ is given by
f (−→r ) =
∣∣∣−→∇F (−→r )∣∣∣ σ (−→r ) (4)
for points −→r on the surface. To obtain the known surface charge density for a triaxial ellipsoid from (2),
for arbitrary a, b, and c, the calculation goes as follows.
The normal unit vector at any point on the surface is given by
n̂ =
−→∇ (x2/a2 + y2/b2 + z2/c2)∣∣∣−→∇ (x2/a2 + y2/b2 + z2/c2)∣∣∣ = x x̂/a
2 + y ŷ/b2 + z ẑ/c2√
x2/a4 + y2/b4 + z2/c4
, (5)
while the three-space volume element in an infinitesimal neighborhood straddling the surface is
dV = du dA , du = n̂ · d−→r . (6)
Rewriting the Dirac delta in terms of the normal coordinate u then gives
δ
(√
x2
a2
+
y2
b2
+
z2
c2
− 1
)
=
1∣∣∣∣ ddu√x2a2 + y2b2 + z2c2 ∣∣∣∣ δ (u− u0) =
1∣∣∣∣n̂ · −→∇√x2a2 + y2b2 + z2c2 ∣∣∣∣ δ (u− u0)
=
1√
x2
a4 +
y2
b4 +
z2
c4
δ (u− u0) , (7)
where3 u = u0 when x
2/a2 + y2/b2 + z2/c2 = 1. Using this last expression and integrating over the
infinitesimal neighborhood u ∈ (u0 − ε, u0 + ε) gives the expected result (e.g. see [7]) for the surface charge
density,
σ (−→r ) = lim
ε→0
∫ u0+ε
u0−ε
ρ (−→r ) du = Q
4piabc
1√
x2
a4 +
y2
b4 +
z2
c4
, (8)
thereby confirming that (2) is correct. In this last expression, it is to be understood that all points −→r are
on the surface (1).
1Note that integration over all space immediately gives
∫
ρ
(
−→r
)
dxdydz = Q just by rescaling x, y, z → ax, by, cz.
3For a given point on the ellipsoid, the value for u0 is unique, obviously.
2
The volume charge density (2) is also convenient to show that the projected charge/length along any prin-
cipal axis is constant. For example, using the Dirac delta property δ (f (z)) =
∑
roots z0 of f
δ (z − z0) / |f ′ (z0)|,
we have for any x between ±a,
dQ
dx
≡
∫ +∞
−∞
dy
∫ +∞
−∞
dz ρ (−→r ) = Q
4piabc
∫ +∞
−∞
dy
∫ +∞
−∞
dz δ
(√
x2
a2
+
y2
b2
+
z2
c2
− 1
)
=
Q
4piabc
∫ +∞
−∞
dy
∫ +∞
−∞
dz
∣∣∣∣c2z
∣∣∣∣ [δ (z − c√1− x2/a2 − y2/b2)+ δ (z + c√1− x2/a2 − y2/b2)]u=u0
=
Q
2piab
∫ +b√1−x2/a2
−b
√
1−x2/a2
dy√
1− x2/a2 − y2/b2 =
Q
2pia
∫ +1
−1
ds√
1− s2 . (9)
But then
∫ +1
−1
ds√
1−s2 = pi, so for −a ≤ x ≤ a,
dQ
dx
=
Q
2a
. (10)
Similarly, the projected linear charge densities along the other principal axes are given by dQ/dy = Q/ (2b)
for −b ≤ y ≤ b and dQ/dz = Q/ (2c) for −c ≤ z ≤ c.
3 Charge densities for hyperellipsoids
The results and analysis given above are easily extended to describe equipotential static conducting ellipsoids
embedded in any number of spatial dimensions, D. These are sometimes called “hyperellipsoids” for D > 3.
At the risk of being somewhat repetitive, let us consider this generalization in detail.
The corresponding volume charge distribution, ρD (
−→r ), that is appropriate for equipotential hyperellip-
soids in D dimensions, is given by an immediate generalization of (2), namely,2
ρD (
−→r ) = Q
ΩD a1a2 · · ·aD δ
(√
x21
a21
+
x22
a22
+ · · ·+ x
2
D
a2D
− 1
)
= σD (
−→r ) δ (u− u0) , (11)
σD (
−→r ) = Q
ΩD a1a2 · · ·aD
1√
x21/a
4
1 + x
2
2/a
4
2 + · · ·+ x2D/a4D
∣∣∣∣∣
u=u0
, (12)
where u = u0 when x
2
1/a
2
1 + x
2
2/a
2
2 + · · ·+ x2D/a2D = 1 and where3
ΩD =
2piD/2
Γ (D/2)
. (13)
This ΩD is the total “solid angle” in D spatial dimensions. The unit normal vector and the volume measure,
for an infinitesimal neighborhood straddling the D − 1 dimensional “hypersurface” containing the charge,
are also given by the obvious generalizations of (5) and (6).
n̂ =
x1 x̂1/a
2
1 + x2 x̂2/a
2
2 + · · ·+ xD x̂D/a2D√
x21/a
4
1 + x
2
2/a
4
2 + · · ·+ x2D/a4D
, dDV = du dD−1V , du = n̂ · d−→r . (14)
2Note that integration over all space immediately gives
∫
ρ
(
−→r
)
dx1dx2 · · · dxD = Q just by rescaling x1, x2, · · · , xD →
a1x1, a2x2, · · · , aDxD .
3It is interesting to compare the hypersurface charge density σD with the product of the principal curvatures, κm, m =
1, 2, · · · ,D − 1, for the same ellipsoidal hypersurface. A straightforward calculation (see the Appendix) gives
(ΩDσD)
D+1=
 D∏
j=1
1
aD−1
j
(D−1∏
m=1
κm
)
3
The volume charge density (11) can be projected along any principal axis to obtain a non-uniform linear
charge density for D 6= 3. As done before for D = 3, the projection is defined by integrating over all but
one direction. For instance,
dQ
dx1
≡
∫ +∞
−∞
dx2 · · ·
∫ +∞
−∞
dxD ρD (
−→r ) = Q
ΩD a1a2 · · · aD
∫ +∞
−∞
dx2 · · ·
∫ +∞
−∞
dxD δ
(√
x21
a21
+
x22
a22
+ · · ·+ x
2
D
a2D
− 1
)
.
(15)
Now perform the integrations sequentially, beginning with
∫ +∞
−∞ dxD using the same property of the Dirac
delta as was used for D = 3.
δ
(√
x21
a21
+
x22
a22
+ · · ·+ x
2
D
a2D
− 1
)
=
∣∣∣∣a2DxD
∣∣∣∣

δ
(
xD − aD
√
1− x21/a21 − · · · − x2D−1/a2D−1
)
+δ
(
xD + aD
√
1− x21/a21 − · · · − x2D−1/a2D−1
)

u=u0
. (16)
This leads to the next integration,
2
aD−1
∫ +aD−1√1−x21/a21−···−x2D−2/a2D−2
−aD−1
√
1−x2
1
/a2
1
−···−x2
D−2
/a2
D−2
dxD−1
1√
1− x21/a21 − · · · − x2D−1/a2D−1
=
2pi
aD−1
, (17)
and therefore
dQ
dx1
=
Q
ΩD a1a2 · · · aD−2 V (a1, a2, a3, · · · , aD−2) . (18)
The remaining integrations, easily performed sequentially, are given for −a1 ≤ x1 ≤ a1 by
V (a1, · · · , aD−2) = 2pi
+a2
√
1−x2
1
/a2
1∫
−a2
√
1−x2
1
/a2
1
dx2
∫ +a3√1−x21/a21−x22/a22
−a3
√
1−x2
1
/a2
1
−x2
2
/a2
2
dx3 · · ·
∫ +aD−2√1−x21/a21−···−x2D−3/a2D−3
−aD−2
√
1−x2
1
/a2
1
−···−x2
D−3
/a2
D−3
dxD−2
= ΩD−1 a2a3 · · · aD−2
(
1− x21/a21
)D−3
2 . (19)
Note that ΩD−1 =
2pi
D−3 ΩD−3. Thus the final linear charge density projected along the axis is
dQ
dx1
=
Q
a1
ΩD−1
ΩD
(
1− x21/a21
)D−3
2 , (20)
for −a1 ≤ x1 ≤ a1, in agreement with the results in §6 of [9]. Clearly, the same form applies for any other
principal axis, i.e. dQdxk =
Q
ak
ΩD−1
ΩD
(
1− x2k/a2k
)D−3
2 , for −ak ≤ xk ≤ ak and k = 1, · · · , D.
For D > 3 the non-uniform linear charge density (20) is rather counter-intuitive as it has a maximum at
x1 = 0 and falls monotonically to zero on either side of the maximum, vanishing at the end points x1 = ±a1.
Only for D = 2 does the result conform to what one would naively expect for mutually repelling charges
placed on a line, namely, a charge distribution peaked at the ends. This is discussed in [9].
As a generalization of (20), consider projecting the charge onto any subset of the principal axes, for
example, onto x1, x2, · · · , xk for k < D, as may be accomplished by integrating ρD over xm for m =
k + 1, · · · , D. Following the same steps as given above, the result is readily seen to be
dQ
dx1dx2 · · · dxk =
Q
a1a2 · · · ak
ΩD−k
ΩD
(
1− x21/a21 − x22/a22 − · · · − x2k/a2k
)D−k−2
2 , (21)
for all x1, x2, · · · , xk such that x21/a21 + x22/a22 + · · ·+ x2k/a2k ≤ 1. Since the final answer here is independent
of ak+1, · · · , aD, this would in fact be the correct charge density on an equipotential k-dimensional manifold
obtained from the original equipotential hyperellipsoid by letting am → 0 for m = k + 1, · · · , D, i.e. by
“squashing” these D − k dimensions. In particular, if the original x21/a21 + x22/a22 + · · · + x2D/a2D = 1
4
hyperellipsoid were completely “flattened” to a two-dimensional ellipse embedded in D spatial dimensions,
the surface charge density that results would be
dQ
dx1dx2
=
Q
a1a2
ΩD−2
ΩD
(
1− x21/a21 − x22/a22
)D−4
2 , (22)
for all x1, x2 such that x
2
1/a
2
1 + x
2
2/a
2
2 ≤ 1. Note that this counts the total charge on both sides of the
final flattened ellipse, and it nicely generalizes the well-known charge per area on an ideal, flat, elliptical,
equipotential disk embedded in three dimensions (for example, see [7]), namely,
dQ
dA
=
Q
2pia1a2
1√
1− x21/a21 − x22/a22
for D = 3 . (23)
For both (22) and (23), the boundary of the flattened disk is the ellipse x21/a
2
1 + x
2
2/a
2
2 = 1.
As was the case for the linear charge density in (20), the result (21) is rather counter-intuitive for
squashed manifolds with D ≥ k + 2. For D < k + 2, the charge density dQ/dx1dx2 · · · dxk is peaked at the
boundary of the squashed manifold, for which x21/a
2
1 + x
2
2/a
2
2 + · · ·+ x2k/a2k = 1, where the density actually
diverges. In our opinion, this would conform with naive expectations for mutually repelling charges placed
on the manifold. But for the case D = k + 2, the charge density on the squashed manifold is uniform,
exactly like that of an ideal conducting line segment in three dimensions. Or, as another particular case,
a flat, elliptical, equipotential disk in four spatial dimensions would have a constant surface charge density.
So (21) for D = k + 2 is again non-intuitive, although perhaps it can be reconcilled with intuition using
arguments similar to those advanced for the equipotential line segment embedded in three dimensions, as
discussed in [10] and references therein. On the other hand, for D > k + 2, the charge distribution (21)
is peaked at the center of the squashed manifold and falls monotonically to zero at the boundary where
x21/a
2
1 + x
2
2/a
2
2 + · · · + x2k/a2k = 1, exactly like ideal line segments for D > 3. In our opinion, this is
counter-intuitive. Nevertheless, it is what it is.
4 Potentials and electrostatic fields
An exact, single-parameter integral expression for the potential surrounding a static, equipotential, conduct-
ing ellipsoid4 carrying a total charge Q, in D spatial dimensions, is in general an elliptic integral, although
it may reduce to an elementary function if some of the ak are equal. This fact is well-known for the D = 3
case [7]. Explicitly, if the charged surface is defined by
D∑
k=1
x2k
a2k
= 1 , (24)
then the potential is given by
Φ (−→r ) = kQ
2
∫ ∞
Θ(−→r )
(
D∏
k=1
1√
a2k + θ
)
dθ , (25)
where the Θ-equipotentials are a set of confocal ellipsoids consisting of all points −→r outside the charged
ellipsoid that satisfy, for a given Θ,
D∑
k=1
x2k
a2k +Θ
= 1 , for Θ > 0 . (26)
Note the charged ellipsoid itself is defined to be at Θ = 0. If given an arbitrary point −→r outside the charged
ellipsoid, to compute the potential at that point it would first be necessary to find the appropriate Θ for the
given −→r , i.e. find Θ (−→r ). In general, if all the ak are distinct, this would require solving for the appropriate
4In this section it will be convenient to use the term “ellipsoid” rather than “hyperellipsoid” for any D.
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root of the Dth order polynomial in Θ implicit in (26), something that can always be done in principle
(although in practice, perhaps only numerically, especially if D > 4 and all the ak are distinct).
The static electric field is the gradient of the potential, as usual. From (26) and (25) it follows that
−→∇Θ(−→r ) =
(
D∑
n=1
2xn ên
a2n +Θ
)/(
D∑
m=1
x2m
(a2m +Θ)
2
)
, (27)
−→
E (−→r ) = −−→∇Φ = −
(−→∇Θ) dΦ
dΘ
= kQ
(
D∏
k=1
1√
a2k +Θ
)(
D∑
n=1
xn ên
a2n +Θ
)/(
D∑
m=1
x2m
(a2m +Θ)
2
)
. (28)
Once again, if only −→r is specified, it is necessary to find Θ (−→r ) from (26) to evaluate this expression. But
note that as r →∞, it follows from (26) that Θ→∞ with Θ ∼
r→∞
r2. So asymptotically,
Φ (−→r ) ∼
r→∞
kQ
D − 2
1
rD−2
,
−→
E ∼
r→∞
kQ −→r
rD
. (29)
These asymptotic expressions are just the potential and electric field for a point charge in D spatial dimen-
sions (e.g. see [6]) as should have been expected.
The direction of the electric field (when multiplied by the sign of Q) at a point on a given Θ-equipotential
ellipsoid, is given by the unit vector
Ê (−→r ) =
(
D∑
n=1
xn ên
a2n +Θ
)/√√√√ D∑
m=1
x2m
(a2m +Θ)
2
. (30)
As a check, when all the ak are equal, Ê = r̂, as expected. The (signed) strength of the electric field, at a
point on that same equipotential, is given by
E (−→r ) = kQ
(
D∏
k=1
1√
a2k +Θ
)/√√√√ D∑
m=1
x2m
(a2m +Θ)
2
, (31)
so that
−→
E (−→r ) = E (−→r ) Ê (−→r ) for either sign of Q. This reduces to E = kQ/rD−1 when all the ak are
equal, as expected.
Since the charge is located on the ellipsoid with Θ = 0, by construction, the potential on the charge
carrying hypersurface itself is
Φ (−→r (Θ = 0)) = kQ
2
∫ ∞
0
(
D∏
k=1
1√
a2k + θ
)
dθ . (32)
That is to say, the capacitance of the isolated ellipsoid, defined by Q = CΦ (−→r (Θ = 0)), is also given by an
elliptic integral
C =
2
k
∫∞
0
(∏D
k=1
1√
a2
k
+θ
)
dθ
. (33)
Furthermore, the charge density on the ellipsoidal hypersurface may be obtained directly from Gauss’ law,
with the normalization for a point charge determined by
−→∇ ·
−→r
rD
= ΩD δ
D (−→r ) , (34)
where again ΩD is the total solid angle in D spatial dimensions. Thus the hypersurface charge density is
given as usual by the value of the normal electric field as the hypersurface is approached from the outside,
that is to say by the limit: k ΩD σD (
−→r ) = lim−→r→hypersurface n̂ ·
−→
E where n̂ is the outward normal unit vector
6
on the hypersurface. For the problem at hand this limit is just limΘ→0 Ê · −→E = E|Θ=0. So (31) gives the
explicit result
σD (
−→r ) = 1
k ΩD
E|Θ=0 =
Q
ΩD
∏D
k=1
ak
1√∑D
m=1
x2m
a4m
∣∣∣∣∣∣
Θ=0
, (35)
thereby confirming both (11) and (12).4
5 Conclusions
We have shown that conducting ellipsoids in any number of spatial dimensions have volume charge densities
given by (11). We are not aware of any previous literature that gives this particular form for ρD, even for
the case D = 3.
It is an interesting problem to determine if there are any surface geometries other than ellipsoids, for
conductors of bounded extent, where the volume charge density has the form (3) with constant f . An
obvious conjecture is that only ellipsoids have this property.
As a test of this conjecture, it is a straightforward task to consider supereggs, superellipsoids, or higher
dimensional “Lame´ hypersurfaces” defined by
∑D
k=1
(
x2k/a
2
k
)N
= 1. A preliminary analysis [11] shows that
a charge density of the form (3) with constant f fails to give a constant potential within such surfaces unless
N = 1. General surfaces remain to be investigated. A variety of specific surfaces with closed-form charge
densities may be constructed by methods such as those in [12].
Acknowledgements: For helpful comments, we thank K. McDonald (in particular for pointing out [2])
and A. Zangwill (in particular for pointing out [12]). This work was supported in part by a University of
Miami Cooper Fellowship.
6 Appendix: Geometry of hyperellipsoids
For a hyperellipsoid embedded in D dimensions, as given by
∑D
k=1 x
2
k/a
2
k = 1, resolving the constraint by
solving for xD (x1, · · · , xD−1) gives simple expressions for the metric, inverse metric, and 2nd fundamental
form of the manifold. The results are
gkm = δkm +
a4D
x2D
xkxm
a2ka
2
m
, gmn = δmn − 1
S
xmxn
a2ma
2
n
for k,m, n = 1, 2, · · · , D − 1, (36)
where x2D = a
2
D
1− D−1∑
j=1
x2j
a2j
 , det gkm = a4D
x2D
S , and S ≡
D∑
j=1
x2j
a4j
> 0 , (37)
Kmn = −n̂ · (∂m∂n−→r ) = 1√
S
1
a2m
(
δmn +
a2D
a2n
xmxn
x2D
)
with −→r on the manifold & n̂ · ∂m−→r = 0 ,(38)
Kkn ≡ gkmKmn = 1
(S)
3/2
(
S δkn
akan
+
xkxn
a2ka
2
n
(
1
a2D
− 1
a2n
))
, for k,m, n = 1, · · · , D − 1. (39)
Note the
(
1
a2
D
− 1a2n
)
factor in the matrix Kkn breaks the k ↔ n symmetry. Also note the coordinate
singularity (as opposed to a physical singularity) in the metric gmn and Kmn on the xD = 0 “equatorial”
4Using notation that is more consistent with the previous section, dΘ =
(
−→
∇Θ
)
· d−→r =
∣∣∣−→∇Θ∣∣∣ n̂ (Θ) · d−→r = ∣∣∣−→∇Θ∣∣∣ du (Θ),
where n̂ (Θ) = Ê is the local normal on the Θ-equipotential, and
∣∣∣−→∇Θ∣∣∣ = 2/√∑Dm=1 x2m/ (a2m +Θ)2 . Therefore −→E =
−n̂ (Θ) dΦ/du (Θ) = −Ê
∣∣∣−→∇Θ∣∣∣ dΦ/dΘ. This is in agreement with (28), (30), and (31).
7
submanifold. However, there is no such singularity in Kkn, whose eigenvalues κm for m = 1, · · · , D− 1, are
all finite so long as ak > 0 for k = 1, · · · , D. The intrinsic curvature scalar densities on the manifold are
encoded in
det (1 + λK) = 1 + λ
(
D−1∑
m=1
κm
)
+ λ2
(
D−1∑
m>n=1
κmκn
)
+ · · ·+ λD−1
(
D−1∏
m=1
κm
)
, (40)
where R =
∑D−1
m>n=1 κmκn etc. The last term in the expansion of det (1 + λK) is λ
D−1 detK, of course.
From the above expression (39) it follows that
detK =
1(√
S
)D+1
 D∏
j=1
1
a2j
 . (41)
Therefore, on a charged, conducting hyperellipsoid embedded in D dimensions, for which the hypersurface
charge density is σD =
1
ΩD
√
S
∏D
j=1
1
aj
, it follows that σD+1 ∝ detK. This generalizes the long-known result
for ellipsoids embedded in three dimensions (e.g. see the footnote, p 191, [5]). More precisely
(ΩDσD)
D+1 =
 D∏
j=1
1
aD−1j
detK =
 D∏
j=1
1
aD−1j
(D−1∏
m=1
κm
)
. (42)
Here ΩD = 2pi
D/2/Γ (D/2) is the surface area of a unit radius sphere embedded in D dimensions (i.e. the
total “solid” angle around the center of the sphere).
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